A locally conformally Kähler manifold is a Hermitian manifold (M, I , ω) satisfying dω = θ∧ω, where θ is a closed 1-form, called the Lee form of M. It is called pluricanonical if ∇θ is of Hodge type (2, 0) + (0, 2), where ∇ is the Levi-Civita connection, and Vaisman if ∇θ = 0. We show that a compact LCK manifold is pluricanonical if and only if the Lee form has constant length and the Kähler form of its covering admits an automorphic potential. Using a degenerate Monge-Ampère equation and the classi cation of surfaces of Kähler rank one, due to Brunella, Chiose and Toma, we show that any pluricanonical metric on a compact manifold is Vaisman. Several errata to our previous work are given in the last Section.
De nition (1.1) is equivalent to the existence of a coveringM endowed with a Kähler metric Ω which is acted on by the deck group Aut M (M) by homotheties. Let
be the group homomorphism which associates to a homothety its scale factor. For de nitions and examples, see [DO] and our more recent papers. Three subclasses of LCK manifolds will be of interest to us. An LCK manifold (M , ω, θ) is called Vaisman if ∇θ = 0, where ∇ is the LeviCivita connection of g . Note that, unlike the LCK condition, which is conformally invariant (if g is LCK, then any e f · g is still LCK), the Vaisman condition is not. The main example of Vaisman manifold is the diagonal Hopf manifold ( [OV8] ). The Vaisman compact complex surfaces are classi ed in [Be] .
LCK manifolds with potential
"LCK manifolds with potential" can be de ned as LCK manifolds (M , ω, θ) equipped with a smooth function ψ ∈ C ∞ (M ), SinceM π −→ M is the smallest covering where θ becomes exact, its monodromy is equal to Z k , where k is the rank of the smallest rational subspace
. In particular, the condition (1.4) (ii) means precisely thatM π −→ M is a Z-covering. This implies that the de nition (1.3)-(1.4) is equivalent to the historical one (De nition 2.1).
In Theorem 2.2, we prove that the condition (1.4) (i) is in fact unnecessary: it automatically follows from (1.3).
However, the condition (1.4) (ii) is more complicated: there are examples of LCK manifolds satisfying (1.3) and not (1.4) (ii) (Subsection 2.4). Still, any complex manifold admitting an LCK metric (M , ω, θ) with potential ψ satisfying (1.3), admits an LCK metric satisfying (1.3)-(1.4) in any C ∞ -neighbourhood of (ω, θ). Therefore the conditions (1.4) are not restrictive, and for most applications, unnecessary.
It makes sense to modify the notion of LCK manifold with potential to include the following notion (Subsection 2.4):
De nition 1.1: Let (M , ω, θ) be an LCK manifold, and ψ ∈ C ∞ (M ) a function satisfying d θ d c θ ψ = ω. Denote by k the rank of the smallest rational subspace
Remark 1.2: By Claim 2.3, the condition k = 1 is equal to the Kähler potential ψ ∈ C ∞ (M) being proper in the usual sense (that is, having compact level sets). This explains the term.
Pluricanonical versus Vaisman: scheme of the proof
The main result of this paper is the following theorem. Theorem 1.3: Let (M , ω, θ) be a compact pluricanonical LCK manifold. Then it is Vaisman.
Proof: Theorem 5.13.
Here we survey its proof and explain its key points.
We start from an observation which can be obtained by a straightforward tensorial calculation. Any pluricanonical manifold (M , ω, θ) satis es
and, moreover, |θ| = const, (see (3.3)). We then rescale the metric such that |θ| = 1. Then the eigenvalues 1 of the (1,1)-form d θ c are constant, all equal to 1 but one which is 0, and hence ω 0 := −d θ c is a semipositive (1, 1)-form of constant rank n − 1.
From now on, we assume that M is a compact pluricanonical LCK manifold. Let Σ be the zero eigenbundle of d θ c . Then Σ is independent from the choice of the pluricanonical metric on M . Indeed, suppose that two di erent pluricanonical metrics give exact semipositive forms ω 0 and ω ′ 0 . Unless the corresponding zero eigenbundles coincide, the semi-Hermitian form ω 0 + ω ′ 0 would be strictly positive, which is impossible, because it is exact. Now consider two pluricanonical LCK metrics (ω, θ) and (ω
Then ψ is a solution of the degenerate Monge-Ampère equation
(1.5)
The standard argument from the theory of Monge-Ampère equations is used to show that the function ψ is constant on the leaves of Σ (Proposition 3.12). If, in addition, (M , ω, θ) admits a Vaisman structure, one has a holomorphic vector eld X ∈ X (M ) tangent to Σ and acting by homotheties on its Kähler covering. Then Proposition 3.12 implies that X acts on (M , ω, θ) by isometries lifting to non-trivial homotheties on its Kähler covering. A theorem of KamishimaOrnea ([KO] ) then implies that (M , ω, θ) is Vaisman (see Proposition 5.10). This result can be stated as follows:
This proposition is used to deduce our main result (Theorem 1.3) as follows. First, we prove Theorem 1.3 for surfaces. In this case, it follows from the classication theorem due to Chiose, Toma and Brunella. Theorem 1.5: Let M be a compact complex surface admitting an exact semipositive form of rank 1. Then M admits a Vaisman metric.
Proof: Section 4. .
Comparing Theorem 1.5 and Proposition 1.4, we obtain Theorem 1.3 for surfaces.
To prove it in general situation, a version of a theorem of Ma. Kato is used. In [Kat] , Kato studied subvarieties in a general Hopf manifold H , which is de ned as a quotient of C n \0 by a holomorphic contraction A. Note that elsewhere in this paper, we consider only linear Hopf manifolds, for which A is a linear endomorphism. The (more general) manifolds considered by Kato are also embeddable into linear Hopf manifolds ( [OV5] ), hence admit an LCK metric with potential ([OV8]).
Kato proves that H admits a sequence of Hopf submanifolds
For LCK manifolds with potential, a similar ag exists. Moreover, the following useful result can be proven. Proof: Theorem 4.9. Theorem 1.6 and Theorem 1.5 imply our main theorem easily. Indeed, any complex submanifold of a pluricanonical manifold is again pluricanonical (Proposition 5.12). Pluricanonical surfaces are Vaisman. Theorem 1.6 implies that any non-Vaisman pluricanonical manifold contains a surface which is not Vaisman, hence not pluricanonical: contradiction!
Some errors found
This paper is much in uenced by Paul Gauduchon, who discovered an error in our result mentioned as obvious in [OV6] . In [OV6] , we claimed erroneously that an LCK metric is pluricanonical if and only if it admits an LCK potential. This was obvious because (as we claimed) the equations for LCK with potential and for pluricanonical metric are the same. Unfortunately, a scalar multiplier was missing in our equation for the pluricanonical (see Subsection 3.2).
From an attempt to understand what is brought by the missing multiplier, this paper grew, and we found an even stronger result: any compact pluricanonical manifold is Vaisman.
However, during our work trying to plug a seemingly harmless mistake, we discovered a much more o ensive error, which has proliferated in a number of our papers.
In [OV1] , we claimed that any Vaisman manifold admits a Z-covering which is Kähler. This is true for locally conformally hyperkähler manifolds, as shown in [Ve1] . However, this result is false for more general Vaisman manifolds, such as a Kodaira surface (Theorem 6.1).
It is easiest to state this problem and its solution using the notion of "LCK rank" (De nition 2.4), de ned in [GOPP] and studied in [PV] . Brie y, LCK rank is the smallest r such that there exists a Z r -coveringM of M such that the pullback of the LCK metric is conformally equivalent to a Kähler metric onM.
It turns on that the Kähler rank of a Vaisman manifold can be any number between 1 and b 1 (M ) (Theorem 6.1). Moreover, for each r , the set of all Vaisman metrics of Kähler rank r is dense in the space of all Vaisman metrics (say, with
It is disappointing to us (and even somewhat alarming) that nobody has discovered this important error earlier.
However, not much is lost, because the metrics which satisfy the Structure Theorem of [OV1] are dense in the space of all LCK metrics, hence all results of complex analytic nature remain true. To make the remaining ones correct, we need to add "Vaisman manifold of LCK rank 1" or "Vaisman manifold with proper potential" (Subsection 2.4) to the set of assumptions whenever [OV1] is used.
Still, we want to o er our apologies to the mathematical community for managing to mislead our colleagues for such a long time.
For more details about our error and an explanation where the arguments of [OV1] failed please see Subsection 6.2.
2 LCK manifolds: properness and positivity of the potential 2.1 LCK manifolds with potential: historical de nition
When the notion of LCK manifold with potential was introduced in [OV5] , we assumed properness of the potential. Later, it was "proven" that the potential is always proper ([OV7] ). Unfortunately, the proof was false (see the Errata to this paper, Section 6). In view of this error and other results in Section 6, it makes sense to generalize the notion of LCK manifold with potential to include the manifolds with LCK rank > 1. For the old notion of LCK with potential we should attach "proper" to signify that the potential is a proper function on the minimal Kähler covering.
De nition 2.1: ([OV5]) An LCK manifold with proper potential is a manifold which admits a Kähler covering (M,ω) and a smooth function ϕ :M → R >0 (the LCK potential) satisfying the following conditions:
(i) ϕ is proper, i.e. its level sets are compact;
(ii) The deck transform group acts on ϕ by multiplication with the character χ (see (1.2)):
We are now able to show that an automorphic global potential is always positive, and that once an automorphic global potential exists on a Kähler covering, then another one, which is proper, exists too. The precise statement is the following: Moreover, M admits a covering, possibly di erent fromM, and an automorphic potential on it which is positive and proper, hence satis es all conditions of De nition 2.1.
We prove Theorem 2.2 in the next two subsections.
Properness of the LCK potential
In [OV5] , it was also shown that the properness condition is equivalent to the following condition on the deck transform group ofM. Recall that a group is virtually cyclic if it contains Z as a nite index subgroup. The following claim is clear. Then one can see that the LCK rank as de ned above coincides with the rank of the image of χ :
>0 which is also called the weight monodromy group of the LCK manifold. See also [GOPP] for another interpretation of the LCK rank and see [PV] for examples on non-Vaisman compact LCK manifolds with Kähler rank greater than 1. Clearly, LCK rank 0 corresponds to globally conformally Kähler structures.
From Claim 2.3 below it follows that condition (i) is equivalent to M being of LCK rank 1.
In [OV4] , we managed to get rid of the need to take the covering in De nition 2.1, by using the Morse-Novikov (twisted) di erential Proof: To see that De nition 2.1 and De nition 2.6 are equivalent, consider the smallest covering π :M −→ M such that π * θ is exact, and take a function
−ψ π * η makes the following diagram commu--9 -
tative:
Then Ψ maps a "potential" ϕ 0 in the sense of De nition 2.6 to a potential ψ in the sense of De nition 2.1 and vice versa. Properness of Ψ(ϕ 0 ) is equivalent to Γ being virtually cyclic, as Claim 2.3 implies. The existence of a Kähler covering with virtually cyclic deck transform group is clearly equivalent to M having LCK rank 1.
We now show that automorphic potentials can be approximated by proper ones. The following argument is taken from [OV4] .
Proof: Replace θ by a form θ ′ with rational cohomology class [θ ′ ] in a suciently small C ∞ -neighbourhood of θ, and let ω
is an LCK structure. The Kähler rank of an LCK manifold is the dimension of the smallest rational subspace W ⊂ H 1 (M , Q) such that W ⊗ Q R contains the cohomology class of the Lee form.
has LCK rank 1.
Positivity of automorphic potentials
Finally, we prove that automorphic potentials are necessarily positive:
Then ϕ is strictly positive.
Proof: From Claim 2.8 it is clear that it su ces to prove Proposition 2.9 assuming that (M , ω, θ) has LCK rank 1.
In this situation, the deck transform group of the smallest Kähler covering (M ,ω) is Z and, therefore, the fundamental domains of the covering are compact. Denote by ψ the automorphic Kähler potential of (M ,ω) (Claim 2.7).
Assume that the generator of Γ acts on ψ by multiplication with a constant c > 1. Then the coveringM can be written as
Since M has LCK rank 1, ψ descends to a continuous map from M to a circle, and therefore it is proper. Therefore, ψ −1 (0) is a compact set on which Z cannot act freely. We conclude that ψ −1 (0) = . But thenM would be disconnected unless
is empty, and hence ψ is strictly positive or strictly negative.
To show that the potential ψ cannot be strictly negative, we argue by contradiction.
Step 1. Consider the level set S t := ψ −1 (t ), t < 0. Since ψ is plurisubharmonic, S t is strictly pseudoconvex. Applying the Rossi-Andreotti-Siu theorem (cf. [R, Theorem 3, p. 245] and [AS, Proposition 3 .2]) we nd that S t is the boundary of a compact Stein domain V t with boundary, uniquely determined by the CR-structure on S t .
Step 2. LetM [t ,t ′ ] be V t glued together with ψ
Since the boundary of a compact complex manifoldM [t ,t ′ ] is strictly pseudoconvex, this space is holomorphically convex. On the other hand, it contains no non-trivial compact complex subvarieties without boundary. Indeed, for such a subvariety Z , the restriction of ψ to Z ∩ ψ
is empty. However, a plurisubharmonic function cannot achieve a maximum on a complex subvariety. Therefore, We extend ψ toM t by setting it to −∞ onM t \M . This gives an automorphic plurisubharmonic function ψ onM t .
We have includedM into a Stein manifoldM t , with the same monodromy action, and extended ψ to an automorphic plurisubharmonic function onM t .
Step 3. SinceM t is Stein, there exists a positive, smooth, plurisubharmonic function ϕ onM t SinceM t is properly embedded to a bigger Stein domain, this function can be assumed to be bounded. We apply the standard technique for constructing regularized maxima of plurisubharmonic functions ([D2] ; see also [OV2, Proposition 4 .2]): for a very large C >> 0, de ne
thus obtaining a smooth plurisubharmonic function onM t . Moreover, ξ = ψ on an arbitrary big neighbourhood of the boundary including the level sets S t = ψ −1 (t ) and S ct = ψ −1 (c t ).
Now, V t can be written as
Then V t is a Stein subset ofM t with boundary S t . By Stokes theorem, we obtain:
Since the monodromy map τ maps V t to V ct multiplying ψ by λ, (2.1) gives
, with λ, c > 1. This is impossible, because t < 0 and V ct is strictly included in V t . 
LCK manifolds with proper and improper potential
Proof: Choose a closed θ ′ in a su ciently small neighbourhood of θ, and let V θ be the smallest rational subspace of H 1 (M , R) such that V θ ⊗ Q R contains θ. Since the choice of the cohomology class [θ ′ ] is arbitrary in a neighbourhood of [θ], the dimension of V θ can be chosen in arbitrary way. Choosing θ ′ su ciently close to θ, we can assume that the (1,1)-form ω As ω is nondegenerate, similarly to the Kähler case, one has:
Lemma 3.2: On an LCK manifold (M , I , g ) with dim C M 2, exterior multiplication with ω is injective.
It is known that the Levi-Civita connections of the local Kähler metrics glue to a global connection, here denoted D, which is almost complex (D I = 0) and satis es Dg = θ ⊗ g -and hence it is the Weyl connection of the couple (g , θ) .
Using the well-known relation between the Levi-Civita connections of two conformal metrics, the LCK condition is equivalent ( [DO] ) with:
where ♯ refers to the g -raising of indices. From this we can derive:
Lemma 3.3: On an LCK manifold, the exterior derivative of θ c is:
Proof: Using (3.1) we have
Now (3.2) follows from d θ c being the antisymmetrization of ∇θ c .
Pluricanonical manifolds and (∇θ)
1,1 = 0
Recall that a pluricanonical LCK manifold, as de ned in [Kok] , [KK] , is an LCK manifold (M , ω, θ) satisfying (∇θ) 1,1 = 0, where ∇ is the Levi-Civita connection. This is equivalent with
which, changing Y into I Y and using the symmetry of ∇θ (recall that d θ = 0) gives:
Together with (3.2) this gives (see [OV6] for a di erent proof) that the pluricanonical condition is equivalent to
We now take the exterior derivative of the above (modulo itself and using
which, by Lemma 3.2, implies |θ| = const .
We may now rescale the pluricanonical metric such that, from now on we assume |θ| = 1. In general, on an LCK manifold with potential ψ, the norm of the Lee form d ψ is not constant. This, however, holds if the LCK metric is Gauduchon (see Proposition 3.9 below).
De nition 3.7: On a complex manifold of complex dimension n, a Hermitian metric whose Hermitian 2-form ω satis es the equation ∂∂ω n−1 = 0 is called Gauduchon.
Remark 3.8: On a compact Hermitian manifold, a Gauduchon metric exists in each conformal class and it is unique up to homothety. Moreover, it is characterized by the coclosedness of its Lee form. A Vaisman metric is a Gauduchon metric in its conformal class, [G1] .
On the other hand, it was shown in [Kok] that a pluricanonical metric has coclosed Lee form and hence, if the manifold is compact, it is a Gauduchon metric in the given conformal class. 
On the other hand, we compute d d c ω
n−1 using the equation (3.4) which is satis ed on an LCK manifold with automorphic potential. We obtain
On the other hand,
All in all we get:
Then d d c ω
n−1 = 0 if and only if |θ| = 1. This nishes the proof.
We obtained the following corollary.
Corollary 3.10: Let M be a compact LCK manifold. Then the following are equivalent.
(i) M is pluricanonical.
(ii) M is LCK manifold with potential, and its LCK metric is Gauduchon. Proof: On a pluricanonical manifold, the form ω 0 has one 0 eigenvalue and all other strictly positive. This can be seen by writing it in a diagonal basis which includes θ ♯ and I θ ♯ and taking into account that |θ| = 1. In particular, ω
Note that ω 0 has the same eigenvalues on Vaisman manifolds, see [Ve1] . Conversely, if ω n 0 = 0, then ω 0 has at least one 0 eigenvalue.
This simple observation has strong consequences and leads to a degenerate Monge-Ampère equation that we now discuss (compare also with [OV3] , where a similar equation is considered).
Let θ be a closed 1-form such that
n = 0 is a degenerate Monge-Ampère equation which can be studied in the usual way.
We write
Using Stokes' theorem and integrating by parts, we obtain ′ is exact and hence, by Stokes theorem, its top power must be zero, contradiction. As P is a transversal volume form on T M /Σ, it follows that P has the same kernel Σ too. This implies: Recall that a compact complex surface is of Kähler rank 1 if and only if it is not Kähler but it admits a closed semipositive (1,1)-form whose zero locus is contained in a curve ( [HL] ).
Lemma 4.1: A compact pluricanonical LCK surface M has Kähler rank 1.
Proof:
The manifold M is non-Kähler, because it admits a positive, exact form. This form, multiplied by the Kähler one, would have given us an exact volume form, which is impossible by Stokes' theorem. On the other hand, M admits a semipositive form by Claim 3.11.
Recall that a Hopf surface is a nite quotient of H , where H is a quotient of C 2 \0 by a polynomial contraction. A Hopf surface is diagonal if this polynomial contraction is expressed by a diagonal matrix.
Compact surfaces of Kähler rank 1 have been classi ed in [CT] and [Br] . They can be: A cover of a blow-up of any complex manifold cannot admit plurisubharmonic functions because, by the lifting criterion, the projective spaces contained in the blow-up lift to the cover. Thus blow-ups cannot have global potential.
We are left with non-Kähler elliptic brations and diagonal Hopf surfaces which are known to admit Vaisman metrics, see e.g. [Be] . And hence: (ii) M is diagonalizable.
(iii) M has Kähler rank 1.
(iv) M contains at least two distinct elliptic curves.
Proof: Equivalence of the rst three conditions is proven above. The equivalence of (iv) and (ii) is shown by Iku Nakamura and Masahide Kato ( [N, Theorem 5.2] ). Note that the cited result refers to primary Hopf surfaces, but we can always pass to a nite covering and the number of elliptic curves will not change because the eigenvectors for rationally independent eigenvalues cannot be mutually exchanged, and if they were dependent, they would produce in nitely many elliptic curves.
Algebraic groups and the Jordan-Chevalley decomposition
In this section we let V := C n .
Lemma 4.4: Let A ∈ GL(V ) be a linear operator, and 〈A〉 the group generated by A. Denote by G the Zariski closure of 〈A〉 in GL(V ). Then, for any v ∈ V , the Zariski closure Z v of the orbit 〈A〉 · v is equal to the usual closure of G · v.
The converse is also true: since 〈A〉 normalizes 〈A〉 · v, its Zariski closure G normalizes the Zariski closure Z v of the orbit. Therefore, the orbit G · v is contained in Z v . Since G · v is a constructible set, its Zariski closure coincides with its usual closure, [H] , [Kol] .
Let G ⊂ GL(V ) be an algebraic group over C. Recall that an element g ∈ G is called semisimple if it is diagonalizable, and unipotent if g = e n , where n is a nilpotent element of its Lie algebra.
Theorem 4.5: (Jordan-Chevalley decomposition, [H, Section 15] ) For any algebraic group G ⊂ GL(V ), any g ∈ G can be represented as a product of two commuting elements g = g s g u , where g s is semisimple, and g u unipotent. Moreover, this decomposition is unique and functorial under homomorphisms of algebraic groups. k and a unipotent group G u commuting with G s , and bothe of these groups preserveM.
Proof: Let X be the closure ofM in C N . The ideal I X of X is generated by polynomials, as shown in [OV5, Proof of Theorem 3.3] . As the polynomial ring is Noetherian, I X is nitely generated, [AM] . Therefore, X is a cone of a projective variety.
This allows us to consider the smallest algebraic group G containing A. Then G acts naturally on X and preserves it. The last assertion of Corollary 4.6 is implied by the Jordan-Chevalley decomposition.
Finding surfaces in LCK manifolds with potential
Lemma 4.7: Let M be a submanifold of a linear Hopf manifold H = (V \0)/A, dim M 3, and G = G s G u the Zariski closure of 〈A〉 with its Jordan-Chevalley decomposition. Then M contains a surface M 0 , with G u acting non-trivially on its Z-coveringM 0 ⊂ V .
Proof: Another form of this statement is proven by Masahide Kato ( [Kat] ). We shall use induction on dimension of M . To prove Lemma 4.7 it would su ce to nd a subvariety M 1 ⊂ M of codimension 1 such that G u acts nontrivially on its Z-coveringM 1 ⊂ C n \0. Replacing V by the smallest A-invariant subspace containingM, we may assume that the intersectionM ∩ V 1 = V 1 for each proper subspace V 1 ⊂ V . Now take a codimension 1 subspace V 1 V which is A-invariant and such that G u acts on V 1 non-trivially (equivalently, such that A acts on V 1 non-diagonally). Using the Jordan decomposition of A, such V 1 is easy to construct. ThenM Proof: Replacing G by its quotient by the subgroup acting trivially onM if necessary, we may assume that G acts properly on a general orbit inM. Then G is at most 2-dimensional. However, it cannot be 1-dimensional because G s contains contractions (hence cannot be 0-dimensional) and G u acts non-trivially. Therefore, G s ≃ C * and G u ≃ C. Since G s acts by contractions, the quotient S :=M/G s is a compact curve, equipped with G u -action which has a dense orbit. The group G u can act nontrivially only on a genus 0 curve, and there is a unique open orbit O of G u , with S\O being one point. All complex subvarieties of M are by construction G-invariant, and the complement of an open orbit is an elliptic curve, hence M has only one elliptic curve, and is non-diagonalizable by Theorem 4.3. Theorem 4.9: A compact LCK manifold M with potential which is not Vaisman contains an embedded non-diagonal Hopf surface.
Proof: Let M be a compact LCK manifold with potential, dim C M 3. Then M is holomorphically embedded into a Hopf manifold C n \0/〈A〉, where A ∈ GL(N , C) is a linear operator, see [OV5, Theorem 3.4] . Applying Lemma 4.7 and Lemma 4.8, we nd a non-diagonal Hopf surface in M . 
De nition 5.4: Let M be a Vaisman manifold, θ ♯ its Lee eld, and Σ ⊂ T M the subbundle generated by θ ♯ and I (θ ♯ ). The subbundle Σ ⊂ T M is a holomorphic foliation, called the canonical, or fundamental foliation of the Vaisman manifold M (see [Va2] , [DO] ).
A form η on M is called transversal or basic (with respect to Σ) if v η = v (d η) = 0 for any vector eld v ∈ Σ. Locally in a neighbourhood where the leaf space of Σ exists, transversal forms are forms on this leaf space. See [To] and [Va2] for the de nitions of basic forms and basic cohomology with respect to Σ. Clearly z 0 = θ. It su ces to prove Lemma 5.7 for real (1,1)-forms, hence we may write
Since η is primitive, 
Pluricanonical submanifolds
To prove the main result, we still need several preliminary facts.
It is known ( [Va1] ), that if a compact complex manifold admits Kähler metrics, then any LCK metric on it is globally conformally Kähler. The next result is an analogue for pluricanonical versus Vaisman metrics: According to [KO, Theorem A] , an LCK metric on M is Vaisman if and only it admits a holomorphic ow which leaves it invariant, but acts non-isometrically on the Kähler covering. We then show that the holomorphic Lee ow F generated by θ ′ ♯ − −1 I (θ ′ ♯ ) (which is tangent to the leaves of Σ) preserves the pluricanonical metric. As F is holomorphic, it is enough to show that ω is F -invariant.
Indeed, the form θ = α + θ ′ − d ϕ is the sum of the transversal (and hence, F -invariant) form α − d ϕ and the F -invariant form θ ′ . Therefore, it is also Finvariant. As F is holomorphic, I (θ) is F -invariant too and also ω 0 = −d c θ, and hence ω is F -invariant and Vaisman.
-25 - Obviously, complex submanifolds of LCK manifolds are LCK. As we already recalled, the Vaisman condition is inherited on compact complex submanifolds, [Ve1] . A similar result occurs for pluricanonical manifolds:
Proposition 5.12: A compact complex submanifold of a pluricanonical LCK manifold is pluricanonical.
Proof: Let M be a pluricanonical LCK manifold and let i : N → M be a compact submanifold. By Claim 3.11 the two-form ω 0 := d θ c is degenerate on M . Then its restriction i * ω 0 to N is degenerate too, otherwise N i * ω 0 dim C N = 0, contradiction with i * ω 0 being exact. This means that the induced LCK structure on N satis es (3.3) and hence is pluricanonical.
The main result: all compact pluricanonical manifolds are Vaisman
Theorem 5.13: Let (M , I ) be a compact complex manifold and let g be an LCK pluricanonical metric on it. Then g is Vaisman.
Proof: Let M be a compact pluricanonical locally conformally Kähler manifold. As (3.4) is satis ed, the universal covering of M carries an automorphic potential which by Theorem 2.2 is strictly positive. Moreover, by the same result, M admits a locally conformally Kähler metric with potential (possibly di erent from the pluricanonical metric), call it g ′ . This LCK metric has Lee form of length 1, by Corollary 3.4. Now we argue by contradiction. Suppose the metric g ′ is not Vaisman. Then, by Theorem 4.9, M contains an embedded non-diagonal Hopf surface H 2 which, by Proposition 5.12 (applied for the initial metric on M ), is pluricanonical and, by Proposition 4.2, admits Vaisman metrics. But non-diagonal Hopf surfaces cannot admit Vaisman metrics, [Be] , contradiction.
As M admits a Vaisman metric, g ′ , then by Proposition 5.10, the pluricanonical metric g itself is Vaisman.
In view of this result, Claim 3.11 now gives: e t θ ♯ . This group is a compact Lie group, because isometries form a compact Lie group on a compact Riemannian manifold, and a closed subgroup of a Lie group is a Lie group by Cartan's theorem. Moreover, it is commutative, because 〈e Now, letG 0 ⊂G be the subgroup acting onM by isometries. Since the group G ∩ Aut M (M ) is a subgroup of AutM (M ),G 0 maps to its image in G bijectively.
We assumed that G 0 (being the subgroup of elements ofG acting by isometries on bothM and M ) is closed in G. Then, ifG 0 ∼ = S k−1 , this would imply that
k−1 × R, proving that M is a quotient ofM by Z-action. However, this is false, because G 0 is closed inG, but not closed in G. This is where the argument fails. 
